Rules for integrands of the form (a + b x" + c x*")°

1: J(a+bx"+cx2")pdx whenn<@ A pez

Derivation: Algebraic expansion
Basis: If p € z,then (a+bx"+cx?")? =x?"P (c+bx"+ax2")P

Rule1.2.3.1.1:If n <@ A p € Z, then

J(a+bx"+cx2")pdlx — sz"p (c+bx™™+ax?")Pdx

Program code:

Int[(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
Int[X" (2xn%p) * (C+bxX” (-n) +a*Xx”* (-2%n) ) *p,x] /;
FreeQ[{a,b,c},x] &% EqQ[n2,2xn] && LtQ[n,0] && IntegerQ[p]

2: J(a+bx"+cx2")pdlx when neF

Derivation: Integration by substitution
Basis: If k € Z",then Fixn = k Subst [x*-2 F[x"], x, x*/k] g,x*/k
Rule1.2.3.1.2:1f b2-4ac #0@OA neF,letk = Denominator[n], then

J(a+bx" rex®M)Pdx — kSubst[J\x"‘1 (a+bx"+cx?*")Pax, x, xl/k]

Program code:

Int[(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst[Int[xA(k—l)*(a+b*xA(k*n)+c*xA(2*k*n))Ap,x],x,xA(l/k)]] /3

FreeQ[{a,b,c,p},x] && EqQ[n2,2xn] && FractionQ[n]



Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

3:JXa+bx"+cx“)pdxwmenneZ‘

Derivation: Integration by substitution
Basis: If n € Z, then Fx"] = —Subst[ﬂ;:]-, x, 1] o,

Rule 1.2.3.1.3:If n € Z, then

Program code:

Int[ (a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
-Subst[Int[ (a+b*Xx” (-n)+c*xXx" (-2%n))*p/x*2,x],X,1/x] /;
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] && ILtQ[n,0]




Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

4: j(a+bx"+cx2")pdx whenb?-4ac=0

Derivation: Piecewise constant extraction

(a+b X"+ x“)p
(b+2 c x") 2P

::@

Basis: If b%> — 4 a ¢ == 0, then o,
Note:If b2 -4 ac == 0,thena+bz+cz? = t(b+2cz)2

Rule 1.2.3.1.4:If b> -4 a c == 0, then

(a+bx“+cx2")p

j(a+bx"+cx2")pdx —

J(b+2cx")2pdx

(b+2cx")Zp

Program code:

Int[(a_+b_.*x_"n_.+c_.*x_"n2_.)" p_,x_Symbol] :=
(a+bxx*n+cxx” (2xn) ) *p/ (b+2xcxx*n) ~ (2xp) *Int [ (b+2xc*x”n) ~ (2xp) ,X] /;
FreeQ[{a,b,c,n,p},x] && EqQ[n2,2xn] && EqQ[b"2-4xaxc,0]



Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

5. j(a+bx“+cx2")pdlx whenb?-4ac#0 A pez

1: J(a+bx"+cx2")pdx whenb?-4ac#0 A pez*

Derivation: Algebraic expansion

Rule1.2.3.1.5.1:1f b2 -4ac+0 A p e Z*,then

~J-(a+ bx"+cx*")Pdx — J-ExpandIntegr‘and[(a +bx"+cx?")P, x] dx

Program code:

Int[ (a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+b#x"n+c*Xx”" (2xn))"*p,x],x] /;
FreeQ[{a,b,c,n},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[p,0]



Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

2: J(a+bx"+cx2")pd1x whenb?-4ac#0 Ap+lez”

Reference: G&R 2.161.5

Derivation: Trinomial recurrence 2b withm = ©,A = 1andB = 0
Note: G&R 2.161.4 is a special case of G&R 2.161.5.
Rule1.2.3.1.5.2:1f b2-4ac+0 A p+1eZ,then

j(a+bx"+cx2")pdx —

x (b?-2ac+bcx") (El+bx"+cx2“)”"1
- +

an(p+1) (b*-4ac)

1

J(bZ—Zac+n(p+1) (b>-4ac) +bc (n(2p+3) +1) x") (a+bx"+cx2")"*1d]x
an(p+1) (b>-4ac)

Program code:

Int[(a_+b_.*x_"~n_+c_.*x_"n2_.)"p_,x_Symbol] :=
-X#* (b"2-2%xaxCc+bxCcxXx”*n) x (a+b*X*n+C*X” (2xn) )~ (p+1) / (a*xn* (p+1) » (b*2-4xaxc)) +
1/ (axnx (p+1) * (b*2-4xaxc) ) *
Int[ (b*2-2xaxc+nx (p+1) x (b"2-4xaxC) +bxCx (n* (2xp+3) +1) *X*n) * (A+b*xX n+CxXx* (2xn) )~ (p+1) ,x] /;
FreeQ[{a,b,c,n},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && ILtQ[p,-1]

1
3. J—dlx whenb2—4ac¢0
a+bx"+cx?"

n

1
1: J—d]x whenb?-4ac#0 A “ezZ*Ab>-4ac}0
a+bx"+cx2" 2

Derivation: Algebraic expansion

Basis:If g » ./ 2 and l24-t  then 1 _ r-z . Pz
q C r- a-co a+b z2+c z* 2cqr‘<q—r‘z+22) 2cqr‘(q+r‘z+zz)




Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

Note:If (a | b | c) eR A b2—4ac<@,then§>0andz\/€_g>e.

Rule1.2.3.1.5.3.1:If b>-4ac +0 A 2ez" A b2-4ac30letq- N andr-,[2q-2,then

n/2

1 1 r-x"/2 1 r+X
J — dx — J dx + J dx
a+bx"+cx?" 2cqr J gq-rx"2+x" 2cqr J q+rx2ix

Program code:

Int[1/ (a_+b_.*x_"n_+c_.*x_"n2_),x_Symbol] :=
With[{q=Rt[a/c,2]},
With[{r=Rt[2xq-b/c,2]},
1/ (2xcxq*r) *Int[ (r-x*(n/2))/ (q-r*x*(n/2) +x"n) ,x] +
1/ (2xc*q*r) *Int[ (r+x*(n/2))/ (q+r*x”*(n/2) +x*n),x] 1] ] /5
FreeQ[{a,b,c},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n/2,0] && NegQ[b”2-4xaxc]



Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

. 1 2 n + 2
2: dx whenb —4ac¢a/\( ¢Z vb—4ac>e)
a+bx"+cx?" 2

Reference: G&R 2.161.1a

Derivation: Algebraic expansion

e A b2 _ 1 __c_1 < _ 1
Basis: Letq —» \/b” -4 ac,then ———; =g iz q Biiics

Rule1.2.3.1.5.3.2:1f b2-4ac + 0,letqg > \/b> -4 ac,then
~J" 1 c\J“ 1 c\J‘ 1
— dXx —» - | ———dx-~- | ———adx
a+bx"+cx?" q E_-:-+cx" a §+9~+cxn

Program code:

Int[1/ (a_+b_.*x_"~n_+c_.*x_"n2_) ,x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
c/q*Int[1/ (b/2-q/2+cxx*n) ,x] - c/q*xInt[1/(b/2+q/2+c*xx"n),x]] /;
FreeQ[{a,b,c},x] & EqQ[n2,2xn] && NeQ[b”*2-4xaxc,0]

6: j(a+bx"+cx2")pd1x whenb?-4ac#0 Ap¢z

Derivation: Piecewise constant extraction

(a+b x"+c x2)P

1+ 2cx" p(1+ 2cx" )p

b++/b%-4ac b-~/b%-4ac
Rule1.2.3.1.6:1f b>-4ac +0 A p ¢ Z,then

Basis: Oy =0




Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

aIntPart[p] (a +bx"+cC in) FracPart[p]

+

ey

2cx"
J(a+bx"+cx2")pdlx—> j[1+—
[1 A ] FracPart[p] [1 . A ] FracPart[p] b+ m

b-4/b*-4ac

Program code:

Int[ (a_+b_.*x_"n_+c_.*x_"n2_.)" p_,x_Symbol] :=
a*IntPart[p]* (a+b*x*n+cxx” (2xn) ) ~FracPart[p]/
((1+2xc*x"*n/ (b+Rt [b*2-4xaxc,2]) ) *FracPart[p] * (1+2xc*x*n/ (b-Rt [b”2-4xaxc,2]) ) ~*FracPart[p]) *
Int[ (1+2xc*x”n/ (b+Sqrt[b”"2-4xaxc]) ) *p* (1+2xcxx*n/ (b-Sqrt[b”2-4xaxc]) ) p,x] /;
FreeQ[{a,b,c,n,p},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && Not[IntegerQ[p]]

S: J(a+bu"+cu2")"dlx when u==d + e x

Derivation: Integration by substitution
Rule 1.2.3.1.S:If u = d + e x, then

~J‘(a+bu"+cu2")pd1x — lSubst[f(a+bx"+cx2")pdx, X, u]
e

Program code:

Int[(a_+b_.*u_”n_+c_.*u_"n2_.)"p_,x_Symbol] :=
1/Coefficient [u,x,1] *Subst [Int [ (a+bxx n+c*x”(2xn))~p,x],X,u] /;
FreeQ[{a,b,c,n,p},x] & EqQ[n2,2xn] && LinearQ[u,x] && NeQ[u,X]

ts

2cx"

Vb%2-4ac

p

dx



Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

9. J(a+bx‘n+cx“)P dx

1: J(a+bx‘"+cx")pdx when p ez

Derivation: Algebraic normalization

b+a x"+c x2"
Xn

Rule 1.2.3.1.9.1:If p € Z, then

Basis:a + bx™ " + ¢ x" ==

p

( R o (b+ax"+cx*")
J.a+bx +cx)dlx—)j dx
x"P

Program code:

Int[ (a_+b_.*x_"mn_+c_.*x_"n_.)"p_.,x_Symbol] :=
Int[ (b+a*x*n+c*x” (2xn) ) p/x” (n*p),x] /;
FreeQ[{a,b,c,n},x] &% EqQ[mn,-n] && IntegerQ[p] && PosQ[n]



Rules for integrands of the form (a+b x”~n+c x~(2 n))"p

2: J(a+bx‘"+cx“)pd1x when p ¢ Z

Derivation: Piecewise constant extraction

Basis: 9y X~ —{asbxrext® .. g
(b+a X"+ XZ”)

x"P (a+tbx"+c x")P xn FracPart(p] (5.p xNic xn)FracPart(p)
(b+ax"+cx2)® (b+axm+c X2n>F"acParttm

Basis:

Rule 1.2.3.1.9.2: If p ¢ z, then

XN FracPart [p] (a +bx "+ an)Ff‘aCPaf‘t[P] (b+ ax"+ CXZn)P
J(a+bx‘"+cx")pd1x—> dx

(b rax"+c XZ n) FracPart[p] x"P

Program code:

Int[ (a_+b_.*x_"mn_+c_.*x_"n_.)" p_,x_Symbol] :=
X" (nxFracPart[p]) * (a+bxx” (-n) +c*x”n) *FracPart[p] / (b+a*x"n+cxx” (2xn) ) *FracPart [p] *Int[ (b+a*x*n+c*x”" (2%n) ) *p/x" (nxp) ,x] /;
FreeQ[{a,b,c,n,p},x] & & EqQ[mn,-n] &% Not[IntegerQ[p]] && PosQ[n]



